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An important consideration in the development of aircraft collision avoidance systems is how to account for state

uncertainty due to sensor limitations and noise. However, many collision avoidance systems simply use point

estimates of the state instead of leveraging the full posterior state distribution. Recently, there has been work on

applying decision-theoretic methods to collision avoidance, but the importance of accommodating state uncertainty

has not yet been well studied. This paper presents a computationally efficient framework for accounting for state

uncertainty based on dynamic programming. Examination of characteristic encounters and Monte Carlo

simulations demonstrates that properly handling state uncertainty rather than simply using point estimates can

significantly enhance safety and improve robustness to sensor error.

I. Introduction

C OLLISION avoidance systems for aircraft, manned or
autonomous, rely upon imperfect sensor measurements to

avoid traffic. Sensor limitations result in state uncertainty and can
make deciding when and how to maneuver difficult. Because colli-
sion avoidance systems are safety critical, taking into account state
uncertainty can be very important. However, relatively little attention
has been paid to principled techniques for accommodating state
uncertainty in collision avoidance. Most systems largely rely upon
point estimates of the state to make decisions [1–3].

Decision making with state uncertainty has been well studied in
the artificial intelligence and operations research communities [4],
but the theory and techniques have only recently been applied to
aircraft collision avoidance system development. The standard way
to frame decision problems in stochastic environments with state
uncertainty is as a partially observable Markov decision process
(POMDP) [5–7]. In a POMDP, the decision maker tries to maximize
its expected utility with limited knowledge of theworld, encoded in a
belief state. Although solving a POMDP is a rigorous way of
accounting for state uncertainty when making decisions, it can be
difficult to scale to large problems.

Both offline and online POMDP solution methods have been
applied to aircraft collision avoidance. Offline methods perform the
bulk of the computation before execution, saving the solution for the
full belief state space inmemory,whereas onlinemethods perform all
computation during execution for specific belief states. Recently, a
generic offline solver was used to develop collision avoidance
systems for unmanned aircraft with different sensor modalities [8].
Because the computational complexity scales exponentially with the
dimensionality of the state space, the problem was made more tract-
able by only modeling the vertical motion of the aircraft. Online
approaches can scale better to higher-dimensional state spaces, but
they require much more computation during execution. Other work
pursued an online approach for aircraft collision avoidance that relies
on Monte Carlo sampling to search the belief space [9]. Because the
computational requirements are exponential in the depth of the
search, sparse sampling of the belief space at only a few decision
points of an encounter was required.

Other approaches to collision avoidance involve computing
collision probabilities and maneuvering when they exceed some
threshold [3]. Several conflict probability estimation methods have
been suggested that account for state uncertainty using analytic
[10,11], numerical [12,13], and Monte Carlo techniques [14–16].
Carpenter and Kuchar used the probability of conflict for conflict
detection in closely spaced parallel approaches [17], and Yang and
Kuchar used a multistage threshold approach for conflict detection
and resolution for free flight [18]. Karlsson et al. used a statistical
hypothesis test to detect conflicts in automotive collision avoidance
[19]. Building on this, Jansson and Gustafsson developed a frame-
work for collision avoidance based on statistical decisionmaking and
stochastic numerical integration that accounts for state uncertainty in
both conflict detection and resolution [20]. While these approaches
may perform well, they are not optimal in general [21].

Although previous research has made significant progress in
developing collision avoidance algorithms that are robust to state
uncertainty, the importance of accounting for state uncertainty in
collision avoidance has not been well studied. This paper introduces
a new framework for accounting for state uncertainty in collision
avoidance and uses it to explore the effect of properly handling state
uncertainty on system performance. Similar to [8,9], the approach
involves formulating the collision avoidance problem as a POMDP.
Instead of solving the POMDP entirely offline or online, a hybrid
solution is proposed that is more scalable yet still robust to state
uncertainty. The expected utility of being in a particular belief state
and taking a particular action is approximated as a function of the
belief state, computed online, and the state-action utilities, computed
offline. The collision avoidance system issues alerts that maximize
expected utility.

This expected utility approach has a number of advantages over
existing methods. First, unlike [8], the approach is more scalable,
allowingmore realistic systems to bemodeled. Second, the approach
is independent of the particular sensor system deployed on the
aircraft. Unlike [8], the offline solution remains the same, regardless
of the sensor system, although the online filtering process is sensor
specific. Third, the approach is flexible, permitting different methods
for approximating the state-action utilities. Fourth, this method
directly accounts for state uncertainty using probabilistic models
without having to rely upon specialized heuristics.

Two prototype collision avoidance systems developed using this
framework are analyzed: one that accounts for the current state uncer-
tainty in making decisions and another that neglects state uncertainty
by only using a point estimate of the current state. Qualitative and
quantitative comparisons of these two systems reveal the importance
of adequately accounting for state uncertainty in collision avoidance.
In addition to comparing these systems to each other, this paper also
compares them to the Traffic Alert and Collision Avoidance System
(TCAS), a system currently mandated on all large transport aircraft
[1,22].
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II. Partially Observable Markov Decision Processes

AMarkov decision process (MDP) models problems in which an
agent must act in a stochastic environment [23]. An MDP is defined
by the tuple �S;A; T; R�. The set S contains all environment states.
The set A contains all available actions. The transition func-
tion T�s; a; s0� represents the probability of transitioning to state s0

after taking action a in state s. The reward function R�s; a� is the
reward for taking action a in state s. A policy � is a mapping from
states to actions; the action to be executed from state s is denoted
��s�. An optimal policy is one that, if followed, maximizes the
expected sum of rewards. If S andA are discrete, dynamic program-
ming can be used to efficiently compute an optimal policy [24–26].

A POMDP extends the MDP model to problems where the
state is not perfectly known [6]. A POMDP is defined by the
tuple �S;A; T; R;Z; O�, where Z is the set of all possible observa-
tions the agent can make and O�s; z� gives the probability of
observing zwhen in state s. The states transition according to T, as in
anMDP, but the agent only has knowledge of the observations. Based
on the sequence of past actions and observations, the agent must
decide which action to execute to maximize its expected sum of
rewards.

In a POMDP, all relevant information regarding the past actions
and observations of the agent can be summarized by a probability
distribution over the state space S, called a belief state. The initial
belief state is denoted b0. The belief state at time t, denoted bt, can be
computed using the previous belief state, the previous action, and the
current observation. According to Bayes’ rule,

bt�s0� � �O�s0; zt�
X
s2S
T�s; at�1; s0�bt�1�s� (1)

for all states s0, where � is a normalization constant such that the
distribution sums to one. This new belief state corresponds to the
posterior state distribution. In systems that involve state variables that
are naturally continuous, this computation may be done by a Kalman
filter or approximated by one of its nonlinear variants [27–29].

A policy in a POMDP maps belief states to actions. The action to
take from belief state b according to policy � is denoted ��b�. The
expected sum of rewards, starting in belief state b, following action a
for one time step, and following the actions prescribed by policy �
thereafter, is called the expected belief-action utility, denoted
U��b; a�. It is defined recursively as

U��b; a� �
X
s2S
b�s�R�s; a� �

X
z2Z

Pr�zjb; a�U��f�b; a; z�� (2)

whereU��b� �U��b; ��b��, and f�b; a; z� is the updated belief state
after executing a and observing z. The solution to a POMDP is an
optimal policy ��. The expected belief-action utility for an optimal
policy �� is U��b; a�. An optimal policy always selects the action
that maximizes the expected utility:

���b� � argmax
a2A

U��b; a� (3)

A POMDP can be solved optimally using dynamic programming
[6], but exact solutions are computationally intractable in general
[30]. A number of different approximations have been proposed in
the literature that use point-based representations of the belief state to
compute policies offline [31–34]. Additionally, limited planning
over the belief space can be done online by expanding the tree of
belief states reachable from the current belief state up to some
horizon [35].

Several algorithms approximate the expected belief-action utility
using state-action utilities:

U��b; a� 	
X
s2S
U�s; a�b�s� (4)

That is, the expected belief-action utility is approximately equal to
the expectation over the belief state of the state-action utilities. The
state-action utilities indicate how desirable it is to take a certain
action from a certain state. They can be computed using a variety of

methods. For example, they can be computed offline using a dynamic
programming algorithm called value iteration on the underlying
MDP (the POMDP without state uncertainty). Another way of
computing the state-action utilities is to use Monte Carlo sampling,
offline or online, to propagate a collection of state trajectories
forward using different avoidance maneuvers.

Using the state-action utilities of the underlying MDP together
with the complete belief state is called the QMDP method [36].
Although the offline planning to compute the state-action utility
function neglects the partial observability of the problem, the state
uncertainty is accounted for online using the current belief state. By
only considering the complete belief state at the current time when
making decisions, the QMDP method chooses actions under the
assumption that the state will become fully observable at the next
time step. The QMDP method has been shown to perform well on
many problems but tends to fail in problems where taking particular
actions results in a significant reduction in state uncertainty [35–38].

Instead of using the complete belief state in Eq. (4), themost likely
state (MLS) can be used. In general, the MLS method is less robust
than the QMDP method, especially when state uncertainty is high.
The MLSmethod, when applied to collision avoidance, can result in
missing potential threats. Figure 1 shows the space of relative future
trajectories for different samples from the posterior state distribution.
From one of the samples, there is some nonzero probability that the
two aircraft will collide in the future, and so the potential threat is
taken into account when using QMDP. If only the MLS is used, the
space of relative future trajectories is restricted to the dark gray
region, resulting in the potential threat being missed. Although the
threat may be detected later in the encounter, it may be too late to
prevent collision. The experiments later in this paper empirically
show how much better a collision avoidance system is expected to
perform when accounting for the full posterior state distribution.

III. Collision Avoidance Model

This section discusses how to model the collision avoidance
problem as a POMDP. This paper considers a simplified version of
the collision avoidance problem in which one aircraft equipped with
a collision avoidance system, called the own aircraft, encounters an
aircraft not equipped with a collision avoidance system, called the
intruder aircraft. Similar to TCAS, the collision avoidance system on
the own aircraft can issue resolution advisories that indicate how to
adjust the vertical rate to avoid conflict. Conflict in this paper occurs
when an aircraft comes within 500 ft horizontally and 100 ft
vertically of the own aircraft. This has been termed a near midair
collision (NMAC) in prior TCAS studies [39]. It has been used as the
primary metric for safety evaluations of TCAS. Additional details

Intruder

Posterior state
distribution samples

Space of future relative paths

Fig. 1 Notional diagram showing relative future trajectories from

posterior state distribution.
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can be found in [40]. The remainder of this section describes the
various components of the POMDP.

A. Resolution Advisories

The collision avoidance system can issue one of two different
initial advisories: climb at least 1500 ft=min or descend at least
1500 ft=min. The response to the advisory is modeled as a 1=4 g
acceleration to meet the target rate, if necessary. Following the initial
advisory, the system can either terminate, reverse, or strengthen the
advisory. The response to the reversal consists of applying a 1=3 g
acceleration to reach a 1500 ft=min vertical rate in the direction
opposite the original advisory. The response to a strengthening
similarly consists of a 1=3 g maneuver to achieve a vertical rate of
2500 ft=min in the direction of the previous advisory. After an
advisory has been strengthened, it can be weakened to reduce the
required vertical rate to 1500 ft=min. It is responded to with a 1=3 g
acceleration. The action space of the POMDP is composed of these
advisories as well as the decision to issue no advisory.

B. Aircraft Dynamic Model

The aircraft trajectories are perturbed by zero-mean white
Gaussian accelerations, horizontally and vertically [41]. The intruder
aircraft experiences vertical accelerations with 3 ft=s2 standard
deviation. The own aircraft, moreover, undergoes the same vertical
process, except when a resolution advisory is actively followed, in
which case the own aircraft accelerates according to the response
model of Sec. III.A. In the horizontal plane, both aircraft move with
east and north accelerations with 3 ft=s2 standard deviation.

The dynamic state of the aircraft is expressed using the following
seven-variable state representation: altitude of the intruder aircraft

relative to the own aircraft h, vertical rate of the own aircraft _h0,

vertical rate of the intruder aircraft _h1, state of the resolution advisory
sRA, horizontal range to the intruder r, relative horizontal speed rv,
and difference in the direction of the relative horizontal velocity and
the bearing of the intruder �v.

The advisory state variable sRA is used tomodel the response to the
advisories. There is a delay between the time the advisories are
displayed and when they are executed. All initial advisories are re-
sponded to in exactly 5 s, and all subsequent advisories are responded
to in exactly 3 s. The advisory state variable indicates the active
advisory, if any, and the time remaining until response. This
deterministic responsemodel consists of 23 distinct states (one for no
advisory,five for each initial advisory, and three for each reversal and
strengthening).

To produce a discrete state-space model, the continuous state
variables are discretized according to a standard grid-based scheme
that uses cut points along each of the dimensions of the state space.
The transition probabilities T�s; a; s0� of the discrete model are
estimated using the continuous dynamic model together with sigma-
pointing sampling and multilinear interpolation [21,40].

C. Sensor Model

The collision avoidance system senses the environment using an
onboard beacon radar similar to the one currently employed by
TCAS. The sensor measures the slant range and bearing of the
intruder aircraft. The slant range error is modeled as a zero-mean
Gaussian with 50 ft standard deviation. The bearing error is modeled
as a zero-meanGaussianwith 10
 standard deviation. The sensor also
receives measurements of the intruder altitude. Although there is no
jitter in the intruder altitudemeasurements, they are quantized at 25 ft
intervals. The own altitude, vertical rate, and heading are provided by
the onboard avionics. The noise in those quantities is negligible. This
sensor model defines O�s; z�.

D. Reward Function

Unit cost (negative reward) is accrued when the intruder comes
within 1000 ft horizontally and 100 ft vertically of the own aircraft.
The horizontal conflict radius was chosen to be 1000 ft as opposed to
500 ft, as in the NMAC definition, to help compensate for sensor

noise. Additionally, to reduce the number of false alerts and the
course deviation introduced by the system, a small cost of 0.001 is
incurred any time an alert is initially issued. Costs of 0.009 and of
0.01 are accumulated when the system strengthens and reverses,
respectively, in order to address other operational concerns. This cost
scheme defines R�s; a�.

IV. Approximate Solution to the Collision
Avoidance Problem

This section solves the collision avoidance problem using the
approximation in Eq. (4). The belief state is recursively computed
online as new observations from the sensor are received. The state-
action utilities are computed offline by approximately solving the
underlying MDP. The result is collision avoidance logic that, given
the state of the system, returns the advisory to issue.

A. Belief State Construction

The belief state is constructed by separately estimating the
horizontal and vertical state distributions and combining the results.
The horizontal and vertical state estimators each produce a collection
of samples with associated probabilities. The belief state is
represented by the Cartesian product of the horizontal and vertical
samples. Because each sample may not be in the discrete state space
S, multilinear interpolation of the samples is used to obtain a belief
state over S.

Horizontal state estimation involves using the measurements and
the prior belief state to produce horizontal state samples and
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probabilities. The horizontal state estimation uses measurements of
the slant range, bearing, and altitude of the intruder, as well as
measurements of the own altitude and heading. The horizontal state
estimator is an unscented Kalman filter [42] that returns a Gaussian

posterior distribution over �E, � _E, �N, and � _N, the relative east
and north positions and velocities. Sigma-point samples from this
distribution are drawn with associated weights that are interpreted as
probabilities. Each sample is converted into the three-dimensional
representation as follows:

8>><
>>:

r�
����������������������������������
��E�2 � ��N�2

p
;

rv �
����������������������������������
�� _E�2 � �� _N�2

q
;

�v � atan2�� _N;� _E� � atan2��N;�E�

(5)

Vertical state estimation involves using the measurements and the
prior belief state to produce vertical state samples and probabilities.
A Kalman filter is used to estimate the Gaussian posterior of the
intruder altitude and vertical rate using measurements of the intruder
altitude. Because the noise in the own altitude and vertical rate is
relatively insignificant, no estimation is required for those quantities.
The relative altitude h is estimated by subtracting the own altitude
measurement from themaximum a posteriori estimate of the intruder

altitude. The intruder vertical rate _h1 is estimated by the maximum
a posteriori estimate of the intruder vertical rate. Because uncertainty
in the intruder altitude and vertical rate is not expected to be
significant, the maximum a posteriori estimates are used instead of
the entire distribution to reduce computation time.

B. State-Action Utility Function

The state-action utility function is computed by solving the
underlying MDP. This paper uses an approximation method for
solving MDPs that was originally introduced by the authors in

[40,43]. The approximation is applicable to a certain class of MDPs,
where only a subset of the state variables is controlled by the agent.
This is true of the present collision avoidance problem in which the
system only affects the vertical motion of the aircraft.

The approach involves decomposing the full problem into two
subproblems: one involving the uncontrolled state space and the
other involving the controlled state space. Solving the uncontrolled
subproblem involves estimating the probability distribution over the
entry time: the time � until the uncontrolled state enters a certain
subspace of the uncontrolled state space. The distribution is esti-
mated up to a certain horizon, and the remaining probability mass
represents the probability that � is outside the horizon. Dynamic
programming is used offline to estimate this distribution for every
discrete uncontrolled state. The controlled subproblem is treated as a
finite-horizon MDP, where � indicates the number of steps until
termination. The solution of the controlled subproblem is a sequence
of state-action utility functions for the controlled state space for every
possible value of � up to the horizon. They are computed using value
iteration. The solutions to the uncontrolled and controlled sub-
problems are stored in tables in memory, and they are combined to
form an approximation to the joint optimal state-action utility
function of theMDP. Further details regarding the algorithm, such as
the assumptions underwhich it is applicable, can be found in [40,43].

In the collision avoidance problem, the uncontrolled state space
corresponds to the horizontal motion of the aircraft. It comprises all
discrete states of the form �r; rv; �v�. With the discretization
granularity used in this paper, there are approximately 730,000
discrete uncontrolled states. The variable � is the time until a
horizontal conflict (when the aircraft are horizontally separated by
less than 1000 ft). The controlled state space corresponds to the
vertical motion of the aircraft plus the advisory state variable that
keeps track of the current resolution advisory. The controlled state

space comprises all discrete states of the form �h; _h0; _h1; sRA�. There
are approximately 213,000 discrete controlled states.

a) Belief state when QMDP first alerts b) Entry time when QMDP first alerts

c) Belief state when MLS first alerts d) Entry time when MLS first alerts

Fig. 3 Belief state samples and entry time distribution slices for first example encounter.
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The MDP was solved using this method with a horizon of 40 s.
Solving the uncontrolled subproblem took 92 s on a single 3 GHz
Intel Xeon core and required 228 MB of storage using a 64-bit
floating point representation. Solving the controlled subproblem
took less than 2 min and required 263 MB of storage.

V. Example Encounters

This section compares the performance of QMDP and MLS on
two characteristic example encounters. Because they involve simple
table lookups and interpolation, QMDP and MLS run orders of
magnitude faster than real time in simulation. The computation time
of QMDP, however, is K times greater than MLS, where K is the
number of belief state samples. The encounters presented in this
section highlight some of the deficiencies of the MLS method for
collision avoidance and demonstrate how QMDP can lead to
significantly improved performance that approaches that of the
system without sensor error. The encounters were generated using a
high-fidelity encounter model that is reflective of the statistical
properties of how aircraft encounter each other in the current
airspace. The parameters and structure of the encounter model were
derived from nine months of national radar data [44,45].

In the first encounter, MLS delays the alert too long and is unable
to prevent NMAC. QMDP, which accounts for the probability that
the intrudermay be heading toward the own aircraft, alerts earlier and
safely separates the aircraft. In the second encounter, both MLS and
QMDP initially alert together. However, MLS, for which the
estimates can be very erratic, discontinues the alert prematurely,
leading toNMAC.QMDP, correctly estimating the danger, keeps the
advisory on display and successfully resolves the encounter. The
following discussion analyzes the encounters in further detail.

In the first encounter, shown in Fig. 2, the own aircraft and the
intruder are initially nearly coaltitude and are slowly turning into each
other. QMDP issues an initial descend alert 20 s into the encounter,
just as the intruder begins to turn into the own aircraft. The expected
utility of issuing a descend advisory is �0:01386, which is greater
than that of issuing a climb advisory (�0:01394) or of not issuing an
advisory (�0:01542).MLS estimates the expected utilities of issuing
a descend, a climb, and no advisory at this time as �0:001, �0:001,
and 0, respectively, which are simply the immediate rewards of each
action because, according to MLS, collision risk is predicted to be
negligible from this state. MLS postpones issuing the descend
advisory until 29 s into the encounter. Both QMDP and MLS
strengthen thedescend in the future as the intruder beginsdescending.
MLS strengthens only 2 s after initially alerting. QMDP successfully
prevents an NMAC, while MLS does not. The performance of the
logic with noiseless sensors and perfect estimation, not shown in the
figure, performs comparably to QMDP, issuing a descend advisory
21 s into the encounter and strengthening it 7 s later.

Figure 3 shows the belief state samples of the intruder horizontal
position and velocity when QMDP first alerts (Fig. 3a) and when
MLS first alerts (Fig. 3c). The samples are represented as markers
indicating the position and lines indicating the magnitude and
direction of the velocity. The samples used by QMDP are indicated
by circles. The MLS sample, which coincides with one of the
samples used byQMDP, is indicated by an asterisk. The true intruder
trajectory is shown in gray, and the current true position is marked by
a diamond. Figures 3b and 3d show the entry time distributions for
QMDP andMLSwhen QMDP first alerts and whenMLS first alerts,
respectively. Also shown are the entry time distributions during those
alert times computed using noiseless sensors and perfect estimation.
Only the probabilitymass of the entry timewithin the time horizon of
40 s is shown.

When QMDP first alerts, several samples are closer to the true
position and velocity than the MLS estimate. Indeed, the entry time
distribution used by QMDP better approximates the noiseless entry
time distribution than MLS. In fact, MLS assigns all probability to
the entry time being outside the horizon (and thus is absent in
Fig. 3b), indicating the own aircraft is not expected to come into
conflict in the near future; QMDP, however, does correctly predict
that the aircraft can come into conflict within 10 to 20 s. Only as the

intruder continues turning and begins to approach the own aircraft
more directly doesMLS predict horizontal conflict and issue an alert.
The alert is issued too late, however, to prevent NMAC.

The performance of TCAS version 7.1, not shown, was also
evaluated on this encounter. The alerting behavior of TCAS is similar
to that of MLS. It initially issues a descend advisory 27 s into the
encounter. TCAS strengthens 3 s later but fails to prevent an NMAC.
It should be noted that, although TCAS relies mostly on point
estimates of the state, it doesmaintain somemeasure of confidence in
the state estimates to determine whether to alert. For example, the
horizontal miss distance filter, which suppresses advisories for
intruders for which the estimated horizontal miss distance exceeds
some threshold, uses several trackers that are initialized only after
consecutive valid range and bearing measurements are received. The
range tracker maintains an estimate of the range measurement error,
which is used to compute the range acceleration. If the range
acceleration exceeds some threshold, resolution advisories are
suppressed [46].

In the second example encounter, shown inFig. 4, bothQMDPand
MLS initially issue descend advisories 21 s into the encounter.
Figures 5a and 5b show the belief state samples and entry time
distributions at this time, respectively. The entry time distributions of
both methods closely approximate the noiseless distribution.
Twelve seconds later, MLS terminates the advisory. Figures 5c and
5d show the belief state samples and entry time distributions. MLS
assigns probability one to � outside the time horizon. QMDP,
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accounting for the full state distribution, maintains the advisory,
estimating the expected utility of continuing the descent as
�4:966 � 10�5, which is greater than those of reversing (�0:01018),
of strengthening (�0:009), or of terminating the advisory
(�1:5067 � 10�4). The entry time distribution inferred using the
full posterior state distribution, like the noiseless entry time distri-
bution, has probability mass between 0 and 10 s. MLS activates the
advisory again at the next time step and must quickly strengthen it,
but an NMAC results several seconds later. QMDP strengthens 15 s
after it first alerts, and the aircraft safely pass each other. As before,
the performance of the logic without sensor noise is similar to that of
QMDP: the system issues a descend at t� 18 s and strengthens at
t� 36 s.

TCAS issues the descend advisory after 19 s. It weakens the
advisory to “do not climb” 11 s later, but after the own aircraft levels
off, it must revert to issuing the descend advisory again. Similar to
MLS, the aircraft come into conflict shortly thereafter.

VI. Simulation Results

While examining example encounters may be useful in quali-
tatively comparing the different methods, large-scale Monte Carlo

simulations are necessary to quantify the overall system perform-
ance. This section presents the results of Monte Carlo evaluations.
All simulations used encounters generated from the same encounter
model used to generate the example encounters in the previous
section.

A. Performance Evaluation Statistics

Table 1 summarizes the results of evaluating QMDP, MLS, and
TCAS. In addition to summarizing the probability (denoted Pr) of
certain events of interest, such as anNMAC, an alert, a strengthening,
and a reversal, the table also reports the number of times the
resolution advisory is changed (RA changes) and how long
the advisories remain active (RA duration). Also reported are the
standard deviations associated with the estimates. The metrics for
QMDP and MLS were estimated using 500,000 simulated
encounters. The encounter set included encounters that required
alerts and encounters that did not require alerts. The probability of
NMAC without any mitigation is 2:9236 � 10�3. One million
encounters were used for estimating the metrics for TCAS due to
their higher variance. As the table indicates, although both QMDP
andMLS are safer than TCAS, the QMDPmethod is twice as safe as

a) Belief state when QMDP, MLS first alert b) Entry time when QMDP, MLS first alert

d) Entry time when MLS terminates advisoryc) Belief state when MLS terminates advisory

Fig. 5 Belief state samples and entry time distribution slices for second example encounter.

Table 1 Performance evaluation statistics

QMDP MLS TCAS

Mean Std. dev. Mean Std. dev. Mean Std. dev.

Pr (NMAC) 4:23 � 10�5 3:66 � 10�6 8:82 � 10�5 3:96 � 10�6 1:43 � 10�4 1:81 � 10�5
Pr (alert) 4:33 � 10�1 1:10 � 10�2 4:49 � 10�1 1:29 � 10�2 5:03 � 10�1 1:02 � 10�2
Pr (strengthening) 2:29 � 10�2 1:38 � 10�3 5:54 � 10�2 2:76 � 10�3 1:18 � 10�2 5:98 � 10�4
Pr (reversal) 6:75 � 10�4 1:65 � 10�4 5:53 � 10�4 1:16 � 10�4 3:26 � 10�3 5:44 � 10�4
RA changes 4:58 � 10�1 1:16 � 10�2 5:85 � 10�1 1:69 � 10�2 6:56 � 10�1 1:28 � 10�2
RA duration 9:21 � 100 2:39 � 10�1 6:36 � 100 1:87 � 10�1 1:10 � 101 2:45 � 10�1
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MLS while alerting, strengthening, and reversing just as often.
QMDP, on average, changes the advisory less and, because it does
not terminate the advisory as frequently asMLS, keeps the advisories
active for longer. QMDP is 3.4 times safer than TCAS, with 13%
fewer alerts.

System performance can also be measured in terms of other
alerting system outcomes, shown in Table 2 [47]. The definition of
each outcome category depends on three criteria: 1) whether an alert
was necessary, 2) whether an alert was issued, and 3) whether a
conflict occurred. Determining whether an alert is necessary in a
particular situation is not exactly straightforward, because the aircraft
dynamics are nondeterministic. The standard approach is to run
simulations, bothwith andwithout the alerting system,with the same
random seed. Because the seeds are the same, the trajectories with
and without the system will be exactly the same until after an alert is
issued. Once the pilot responds to the alert, the trajectory with the
alerting system will diverge from the trajectory without the alerting
system, called the nominal trajectory. An alert is defined to be
necessary if the nominal trajectory results in conflict.

Table 3 reports the probability of each outcome category for
QMDP, MLS, and TCAS. QMDP has more or comparable correct
rejections and correct detections as MLS and TCAS and fewer or
comparable false alarms, missed detections, induced NMACs, and
late alerts.

In addition to comparing the effectiveness of QMDP and MLS in
preventing conflict, it is also interesting to compare how often one
method resolves a conflict the other fails to resolve. Table 4 lists the
probabilities of the following encounter categories: QMDP resolves
a conflict that MLS does not, MLS resolves a conflict that QMDP
does not, both resolve the conflict, and neither resolves the conflict.
Although both methods are able to resolve most encounters, the
probability that QMDP succeeds where MLS fails is four times
greater than the probability that QMDP fails where MLS succeeds.

B. Sensor Noise Robustness

Because the sensor error may deviate significantly from the sensor
error model assumed in Sec. III.C, it is important to study the
robustness of the logic to different degrees of state uncertainty.
Figures 6a and 6b illustrate the effect of varying the bearing noise on
the probability of NMAC and of alert for QMDP, MLS, and TCAS.
The range noise was kept fixed at its nominal value of 50 ft.
Figures 6c and 6d similarly illustrate the effect of varying the range
noise on the probability of NMAC and of alert for the three systems.
The bearing noise was kept fixed at its nominal value of 10
. Each
point on the QMDP and MLS curves was estimated using 500,000
simulated encounters. Each point on the TCAS curves was estimated

using 1 million encounters. The error bars indicate the standard
deviation of the estimates.

When the bearing noise is small, QMDPandMLS alert at the same
rate and are equally successful in preventing NMAC. When the
bearing noise is increased, the ability of MLS to prevent NMACs
significantly degrades. The performance of QMDP is relatively
insensitive to the change in bearing noise, indicating a large degree of
robustness to sensor error. Increasing the bearing noise also increases
the alert probability, although the rate of increase diminishes as
bearing noise increases. Although MLS alerts 64% more when the
bearing noise is 20
 than when it is 0
, the probability of NMAC is
increased by a factor of nearly eight. QMDP increases its alert rate by
a comparable amount (59%), but the probability of NMAC is only
increased by a factor of 1.6, representing a significant improvement
over MLS. TCAS is relatively insensitive to the increase in bearing
noise, because bearing measurements are only used to disable
alerting in situations where the projected miss distance is large and
not directly for threat resolution purposes.

Similar trends are seenwhen the range noise is increased, although
the difference between QMDP and MLS is less significant. As the
range noise is increased from0 to 1000 ft, the probability ofNMAC is
increased by 50%when usingMLS, while the probability of NMAC
is increased by only 25%when usingQMDP. The performance of the
two methods does not meet when the range noise is zero because of
the large amount of bearing noise. The response of TCAS to changes
in range noise is somewhat erratic. The probability of NMAC for
TCAS is lowered at the expense of alerting 48% more frequently.
QMDP and MLS, however, do not alert considerably more.

C. Safety Curves

The results of Secs. VI.A and VI.B considered the performance of
the logic optimized using the fixed reward function of Sec. III.D. A
safety curve is one way to visualize how varying a system parameter
affects the safety and alert rates [48]. It is a plot (see Fig. 7) of the
probability of safety versus the probability of alert as a system
parameter is varied. Each point on the curve is called an operating
point. Operating points near the top left represent good system
performance; the system prevents conflicts reliably with few alerts.
Figure 7 shows the safety curves for QMDP and MLS swept out as
the cost of alerting is varied from zero to onewhile keeping the cost of
other events, such as the cost of conflict, fixed. Each operating point
was estimated using 100,000 simulated encounters. The lower left
regions of the plots correspond to costs of alerting near one, and the
upper right regions correspond to costs near zero. The performance
of TCAS is shown as a single operating point.

The QMDP curve dominates the MLS curve. That is, QMDP
achieves the same safety rate as MLS with a lower alert rate or,
alternatively, achieves a higher safety rate than MLS with the same
alert rate. Both methods dominate TCAS.

Table 2 Outcome categories

Outcome category Alert
necessary?

Alert
issued?

Conflict
occurred?

Correct rejection
Correct detection � �
False alarm �
Missed detection � �
Induced conflict � �
Late alert � � �

Table 3 Probability of each alerting outcome

QMDP MLS TCAS

Mean Std. dev. Mean Std. dev. Mean Std. dev.

Correct rejection 5:60 � 10�1 1:73 � 10�2 5:44 � 10�1 1:59 � 10�2 4:83 � 10�1 1:43 � 10�2
Correct detection 2:91 � 10�3 5:44 � 10�5 2:86 � 10�3 5:44 � 10�5 2:87 � 10�3 5:44 � 10�5
False alarm 4:30 � 10�1 1:10 � 10�2 4:46 � 10�1 1:29 � 10�2 5:07 � 10�1 1:46 � 10�2
Missed detection 0:00 � 100 0:00 � 100 2:49 � 10�7 1:65 � 10�7 0:00 � 100 0:00 � 100
Induced conflict 2:79 � 10�5 3:52 � 10�6 2:77 � 10�5 3:62 � 10�6 8:67 � 10�5 3:60 � 10�5
Late alert 1:44 � 10�5 1:01 � 10�6 6:03 � 10�5 1:61 � 10�6 5:73 � 10�5 1:20 � 10�6

Table 4 Probabilities of four encounter categories

QMDP

Safe NMAC

MLS Safe 0.99 1:46 � 10�5
NMAC 6:05 � 10�5 2:77 � 10�5
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VII. Conclusions

This paper introduces a framework for accounting for state
uncertainty in the development of collision avoidance systems. The
problem was cast as a POMDP and solved approximately. The
expected utility of being in a particular belief state and taking a
particular action was approximated as a function of the belief state,
computed online, and the state-action utilities, computed offline. The
approach was applied to the problem of collision avoidance using a
sensor similar to that employed by TCAS. The belief state was
computed using several Kalman filters, and the state-action utilities
were computed by solving the underlying MDP using dynamic
programming. This approach was used to study the importance of
accounting for state uncertainty in collision avoidance.

Although many collision avoidance systems in the literature
simply use point estimates of the state, the experiments in this paper
show that performance can be significantly enhanced by using

information from the full posterior state distribution. AMonte Carlo
simulation of 1000s of realistic encounter scenarios showed that
adequately accounting for state uncertainty can cut the probability of
conflict in half without increasing the alert rate. Using the full
posterior state distribution also led to greater robustness to increased
sensor noise. The experiments showed that using point estimates
leads to severely degraded performance as sensor noise is increased,
but performance when using the full posterior distribution only
degrades modestly. Regardless of whether point estimates or state
distributions are used, the logic that results from solving the MDP
significantly enhances safety beyond that provided by TCAS with a
lower alert rate.

Although the experiments focus on a system for an aircraft
equipped with a TCAS sensor, the general approach can be extended
to systems that use a variety of different surveillance systems: both
ground-based and airborne. The TCAS sensor can only detect
aircraft that are equipped with transponders. Other sensors that rely
upon passive radar surveillance or electro-optical/infrared tech-
nology can detect aircraft without transponders, but they are
generally noisier and result in much more state uncertainty than the
TCAS sensor. Adequately accounting for state uncertainty when
using such sensors becomes even more important, especially for
unmanned aircraft systems where there is no pilot in the cockpit to
validate the recommended maneuver.
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